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Abstract 

A generalization of the standard electroweak model to noncommutative spacetime 
would involve a product gauge group which is spontaneously broken. Gauge interactions 
in terms of physical gauge bosons are canonical with respect to massless gauge bosons 
as required by the exact gauge symmetry, but not so with respect to massive ones; and 
furthermore they are generally asymmetric in the two sets of gauge bosons. On non- 
commutative spacetime this already occurs for the simplest model of U{1) x f/(l). We 
examine whether the above feature in gauge interactions can be perturbatively maintained 
in this model. We show by a complete one loop analysis that all ultraviolet divergences 
are removable with a few renormalization constants in a way consistent with the above 
structure. 
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1. Introduction 



The simplest noncommutative (NC) spacetime is the one in which coordinates x satisfy 
the algebra, = iOfj,^, where 6f^u is a real, antisymmetric, constant nx n matrix in 

n dimensions. A possible way to formulate field theory on this NC spacetime is through 
the Moyal-Weyl correspondence. One starts with the Weyl definition of function on NC 
spacetime by the Fourier transform, 

m = / d-k e^'^'^fik), (1) 



(27r)"/2 

where f{k) also defines a function f{x) on the ordinary commutative spacetime. This 
relationship is shared by the algebras of functions on the two spacetimes respectively if 
the ordinary product of functions on commutative spacetime is replaced by the following 
star product. 



{h^f2){x) 



e^v[-e^''dldl]h{x)h{y) 



(2) 

y=x 



It is in this sense that one may study NC field theory by studying its counterpart on 
commutative spacetime where the ordinary product of functions is replaced by the starred 
one i. 

Field theories on NC spacetime have some salient features that are in contrast with 
ordinary theories and remain to be better understood; for example, the causality and 
unitarity problem [0] for time-space noncommutativity and the ultraviolet-infrared(UV- 
IR) mixing |^. Furthermore, it would be natural to ask whether it is possible to generalize 
gauge interactions to NC spacetime. An important ingredient in establishing the viability 
of the generalizaion as a quantum theory is its renormalizability. This is a task that has to 
be fulfilled before one can build up any realistic models. It is the purpose of this work to 
continue the pursue in this direction, especially towards constructing realistic models for 
electroweak interactions. Our known results in this aspect are mainly based on explicit 
analyses and a general proof for (non) renormalizability of gauge theory on NC spacetime 
is still lacking 0]. This occurs due essentially to the highly nonlocal character of NC 
field theory. The renormalizability of the exact f/(l) and U{N) ^ gauge theories has 
been established to one loop order, and that of the real 0"^ theory to two loops. The 
situation in spontaneously broken gauge theories is more subtle, considering the problems 
already met with spontaneously broken global symmetries |^. The cases for the broken 
U (1) 1^ and U (2) [|10] theories have been examined, both with an affirmative answer. And 



it would be plausible to expect that the latter result also applies to the U{N) {N > 2) 
case. 

In this work we extend the study of spontaneously broken gauge theories on NC 
spacetime to those with a product of groups. Our basic considerations are as follows. 
In a spontaneously broken gauge theory with a single group, the gauge couplings of 
unbroken and broken gauge interactions are the same; and the gauge boson masses are 
also fixed by the group structure. For example, for U{N) broken down to U{N — 1) by 
a scalar field in the fundamental representation, all — 1 pairs of charged gauge bosons 
[W) have the same mass which is related to that of the single neutral gauge boson {Z) 
by mw = fnz/V^- This is indeed some distance to our goal of constructing realistic 
electroweak models. It might be that for this purpose we have to consider the case with 
a product of groups so that we can have more space for tuning couplings and masses. 
There is a new feature in this case that does not appear for a single gauge group, namely 
the interactions among physical gauge bosons which are the mixtures of states originally 
associated to different group factors. Since only some combined part of symmetries is left 
unbroken, these interactions are usually not in a canonical form as dictated by a gauge 
symmetry but have diverse though related coefficients. It is not clear whether these 
relations can still be consistently maintained by renormalization at the quantum level on 
NC spacetime. Furthermore, there are not many choices for possible products of groups 
due to restrictions on generalized gauge invariance on NC spacetime in the approach using 
the Moyal-Weyl correspondence. First, only the U{N) group is closed under generalized 
gauge transformations []1T|. This explains the mass relation mentioned above since there 
is no freedom even for the U{1) part of the group once the kinetic terms are canonically 
normalized. Actually there is no consistent way to separate the U{N) group into the 
group factors of SU{N) and U{1) since the latter are always mixed up by generalized 
gauge transformations. Thus we may restrict to the product of U{N) factors. Second, 
a given matter multiplet can have at most two nontrivial representations under two of 
the group factors This arises because it is not well-defined to transform under more 
than two group factors due to the noncommutativity of the star product. For the purpose 
of studying spontaneous symmetry breaking it would be general enough to consider the 
model of U{Ni) x U{N2) with scalars in the ( ant i-) fundamental representations. As a first 
step of the efforts, we shall be less ambitious in this work and consider the simplest case 
of U{1)yi X U{1)y2 U{1)q which is nontrivial as compared to the one on commutative 
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spacetime because of NC self-interactions. We shall see that only the gauge interactions 
corresponding to U{1)q are in a canonical form while those of the massive gauge boson 
are not, and that their mixing interactions are asymmetric though related by the ratio of 
couplings. We shall check whether all of this can be maintained at one loop level. With 
only one massive gauge boson we cannot discuss the mass relation and its renormalization. 
But with the positive results achieved thus far and in this work it is tempting to expect that 
the same answer would be applicable to the much more complicated case of U{N) x ^7(1) 
or even U{Ni) x [/(A^a)- 

An alternative formalism of NC field theory [|T^ is based on the Seiberg-Witten 



map [jT3| which relates NC and commutative gauge fields and is solved by a series expan- 
sion in 6. While it is more flexible to gauge groups and representations, it is not clear how 
to handle with increasingly higher dimension operators as one goes to higher orders in 
couplings and 6. We shall follow below the naive approach using the star product though 
we are aware of the potential jeopardy at higher orders caused by the UV-IR mixing. 

The paper is organized as follows. In the next section we first write down the model 
and emphasize its difference to the commutative case, and then introduce the renormaliza- 
tion constants. We demonstrate its one loop renormalizability in section 3 by a complete 
analysis of all IPI Green's functions which may be divergent by power counting. We 
conclude with the last section. We show in the appendices the Feynman rules and coun- 
terterms of the model and the Feynman diagrams for the IPI four point Green's functions 
computed in the text. 

2. The model 

2. 1 Classical Lagrangian 

We assume that there are two gauge fields Gi^ {i = 1,2) corresponding to the two 
groups U{l)Yi with respect to both of which the complex scalar field $ is charged. The 
generalized, starred gauge transformations are 

Gif, G'i^ = Ui-kGif,-kU^^ +ig-^U^-kd^U-\ , , 

where Ui = exp[igirii{x)]-^, and gi are gauge couplings. Note that the transformation rule 
for $ is unique up to interchanging the roles of the two group factors. This arises because 



of the following observation [T^. Although the two symmetries are commutative as global 



and internal ones, they are not so as position-dependent ones due to noncommutativity of 
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the star product of ordinary functions. It would be unclear how to do group multiplication 
if we assigned a transformation rule hke, e.g., = C/i ★ C/2 * The classical action 

invariant under the above transformations is constructed from the following Lagrangian, 

''-'class — "^liiv'^^l '^^2^iu^2 

where we have suppressed the star notation for brevity, and 

^iixu 9^G^i, dyGi^ ^9i\G Crjjy], , > 

with [A,B] = A'kB-B'kA. 

The spontaneous symmetry breaking is triggered by the non-vanishing scalar VEV, 
assuming //^, A > 0, 

$ = + 00, = ((J + i7r)/V2, 00 = v/^/2, (6) 



with V = y /i^/ A. The a field is the physical Higgs boson with mass = V2Af ^ and 
the TT field is the would-be Goldstonc boson. The physical gauge bosons are the massless 
photon A corresponding to the unbroken U{1)q and the massive Z with mass mz — gv, 
where 

i a) ^ i s c) ( ) ' (7) 



9 = \/9i+ 92, c = gi/g, s = g2/g. 
In terms of the above fields, £ciass is expanded as a sum of the pure gauge terms and those 
involving the scalar fields. The first ones can be cast into the following form, 

C2G = -^ZiZ^ + ^mlZf.Z^'-^AiAi, 

CsG = ^9 [(c^ - s^)ZiZ2 + cs{AiA2 + A1Z2 + Z^M)] , (8) 
= [(c' + s^)^2^2 + c^s^{A2A2 + 2Z2A2 + MM) + 2cs(c' - S^)Z2M 

where we have freely used the property of the star product, / dP'xfg = J dJ^xgf , to organize 
terms, and the following notations for brevity, 

Zi — d^Z,^ — di,Z^, Z-i — [Z^,Z^], 

Ai = d^A,-d,A^, A2 = [A^,A,], (9) 

M = [Z^,A,]-[Z,,A^]. 



5 



The terms involving scalar fields are 
C-4>G = -nizZ^d^TT, 

^G2^ = +igcsA^ {{dfj^cxa - ad^a) + (S^tttt - -nd^ix)) 
-^02^ = gmz{ics[Z^,A^']-n + Z^Z^'a), 

C2G24, = g'{^^{c^ + s^)Z^Z'^{a^ + n^) + ch\Z^aZ^^a + Z^nZ^^n)^ 

+tg^cs Q[7r, a]{A^, Z^} - {A^aZ^u - A^nZ^'a)'^ . 

Let us make a few remarks on the above classical Lagrangian. On commutative space- 
time, it would degenerate trivially into the Abelian Higgs model plus a non-interacting 
pure and exact U{1) sector. On NC spacetime, however, because of the additional 
quadratic term in the U{1) field strength and the noncommutativity of interactions, the 
exact U{1) sector not only self-interacts but also communicates with the Abelian Higgs 
sector. This makes the theory much more involved and nontrivial. The self-interations of 
the photon are canonical as required by the exact U{1) symmetry, with a gauge coupling 
of gcs. This is not the case with the Z boson corresponding to the broken symmetry. 
And the mixed interactions are also asymmetric with respect to the two bosons. This 
arises essentially from their asymmetric couplings to the scalar field which in turn result 
in the mixing between them as shown in eq. (|^. On the other hand, though asymmetric, 
all of these interactions are related by the only two available gauge couplings. It is thus 
interesting to check whether these relations can be consistent with the removal of UV 
divergences at higher orders and thus be possibly maintained in perturbation theory. 

2.2 Gauge fixing and ghost terms 

The procedure of gauge fixing may be generalized directly from the commutative 
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= d,^Ci + igi[ci,Gii^], 


S(j) 






= mc2^'^ - igi^^ci 


SCi 


^giCiCi, 






SCi 





theory with the ordinary product replaced by the starred one, 

fi = 9^G'l^ + ^^?l6(5'Vo-40), ^^^^ 

/2 = ^^'G2^-ig2^2i4)^o- (t>l(t>)- 
Denoting the ghost fields as Cj and q (i = 1, 2) and using the BRS transformations, 



(12) 



the ghost terms are constructed as 

>Cghost = -ClS/i - C2S/2, (13) 

where 

s/i = 9^(9^ci + i^i[ci,G'i^])+^2^i($tci0o + 4ci^) 

-«/lt/26(c2^Vo + 0O^C2), , . 

s/2 = 9''(a^C2+i^2[c2,G2^])+^i6(c2$Vo + 4*C2) ^ ' 

-^l526(*^Ci0o + 0oCl*)- 

Then, s(>Cg.f. + >Cghost) — due to s^/j = 0. 

To avoid unwanted quadratic A — Z mixing in >Cg f , we work below in the simplified 
version of ^1 = ^2 — C- Introducing the diagonalized ghosts corresponding to the gauge 
bosons A and Z, 

[ca] = [s C ) ( C2 ) ' 



(15) 



Cz \ ^ c -s \ I Ci 
Ca [ S C [ C2 



we obtain. 



where 



>Cg.f. = -^{{d^Z,r + {d>^A,y)-mznd^Z,-^^mln', ^^^^ 

■^ghost — ^cc ~l~ ^(pcc ~l~ ^Gcci 



C,4>cc = -i^ig^vcz ({cz, a} + (c^ - s^)i[cz, tt] + 2csi[cA, tt]) , ^yj^ 

I^Gcc = +i9CS (9^CA {[cA, A^] + [cz, Z ^]) + d'^Cz {[cz, A^] + [cA, Z^])) 
+tg{c^-s')d''cz[cz,Z^]. 
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Note that the Ztt mixing term in £g f is cancelled by C^c in eq. ([T0|) . The complete 
Feynman rules are collected in Appendix A. 

2. 3 Renormalization constants and counterterms 

Now we introduce renormalization constants for the bare quantities. It turns out that 
in the gauge sector it is convenient to introduce renormalization constants for the original 
gauge fields. We have, 





_ 




(</')b 


= Z^' 0, 


{9i)B 


— ^Gi ^gi9i-, 




(A)b 




Wb 


= + 




(^)b 


= z]l\{i + 









The redundant constant 5v in the scalar sector will be determined by demanding vanishing 
cr tadpole at higher orders. 

Since there is mixing between gauge bosons, there are two equivalent ways to proceed 
when separating counterterms from the bare Lagrangian. One way is to start with eq. 
(|l^) and define the renormalized A and Z fields in terms of the renormalized c and s 
through eq. (J^). This proves to be convenient for the gauge sector. The alternative way 
is to consider eq. (|^) as a bare relation and introduce counterterms for the bare c and s 
which are in turn determined by 5Zg^ and 5Zg.. This turns out to be better for organizing 
the counterterms in the gauge-scalar sector. In what follows, our c and s are always meant 
to be renormalized quantities when this differentiation is necessary. 

For the gauge fixing and ghost part, the procedure is parallel to that in Ref. [p!0[ 



though slightly more complicated. We choose the quantities appearing in the gauge 
fixing functions fi to be already renormalized, consider the BRS transformation of the 
renormalized fields, and then introduce the renormalization constants for the ghost fields, 

(ci)B = Zc^d. (19) 



The cz,A fields are again given by eq. (15) in terms of the renormalized quantities. 

We shall not present the lengthy expressions for the counterterms whose Feynamn 
rules are listed in appendix A. We just comment that there are counterterms to vertices 
which do not appear at tree level. This arises from the mixing of the A, Z fields and their 
different renormalization. 

3. One loop renormalizability 
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/T/T/T /TTTTr 
U U U J U /i /i 




/I /I /I J J{ u u 


/\ /T/T A. TTTT 
Ji-U U J Ji. /I /I 

Zaa, Zttti, Zan 


AaTc 




ZZo ZAo 


ZAa 


ZZtt AAa AAtt 

Z—J Z—J 1 \ J. XIV ^ J. X^ X/( 


AAA, ZZZ, ZZA 


ZAA 




aczCz.'nczCz.TxcACz 


acACz 


aCzCA, CFCaCa, TTCzCa, TTCaCa 


Ac AC A, AczCz 
ZcvCy. ZcaCv. Zc7Ca 


ZcaCa 

AcaCv. AcvCa 








aaaTi , aTiTiTi 


AAaa, AAixix 
ZZaa, ZZtiti, ZZaT^ 
AZaa, AZtitt, AZaTi 


AAaTi 




AAAA, ZZZZ, AAZZ, AZZZ 


AAAZ 





Table 1: All possible three- and four-point IPI Green's functions which may be divergent 
by power counting. Listed in the first, second and third columns are respectively the 
vertices with both tree and counterterm contributions, with counterterm but without tree 
contributions, and without either. 



In this section we present our one loop results on UV divergences and demonstrate 
explicitly that the model is renormalizable at one loop. We consider only diagrams which 
may be divergent by power counting, but exclude exceptional external momentum config- 
urations such as O^yp'^ = which may cause the UV-IR mixing. We work for simplicity in 
the ^1 = ^2 = ^ = 1 gauge and use the dimensional regularization in n = 4 — 2e dimensions 
for the UV divergence. 

We have exhausted all possible one- to four-point IPI Green's functions, but it is 
unnecessary to list here the lengthy results. Instead, we classify in table all possible 
three- and four-point functions for clarity. The tadpole and two-point functions are easy 
to compute and not listed there. The computation of up to three-point functions is similar 



to Ref. [T^ and we refer to that reference for details. We shall show our calculation of 
four-point functions by some typical examples. But before doing that, we would like to 
mention that there are many cross-checks which guarantee the correctness of our results. 
Generally, there are a large number of Green's functions that have to be made finite 
by adjusting the ten renormalization constants in eqs. (|T8|) and (|19|). Due to the A — Z 
mixing there are vertices that do not appear at tree level but have counterterms (as shown 
in the second column in the table [^). The cancellation of divergences in these vertices 
serves as a nontrivial consistency check of the result. For some vertices, different terms 
have different couplings and momentum-dependent trigonometric functions, and are thus 
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renormalized differently. Tliis also serves as a nontrivial check of the calculation. Finally, 
those listed in the last column must be finite by themselves if the model is renormalizable. 

Let us start with the 000^type vertex. The general Feynman diagrams are shown 
and numbered in appendix B. The simplest ones are the vertices aaau and 'K'K'K'k. We 
present our result for the vertex (j(pi)cr(p2)7r(p3)7r(p4) which is richer in structure, where 
Pi are the incoming momenta of the particles. The UV divergences are found as follows. 



(a) 15 = ig'^'A J C12C34 



+4cV + 2(c^-sWs^ + ^ 
ig^Ae{c^ + s^) (2C12C34 - ci3,24) 



Cl3,24 



(20) 



with Cij = cos{pi Apj), Sij = sm{pi Apj), Cij^ki = cos(pj A pj +PkApi), Sij^ki = sin(pi A pj + 
Pk ^'Pi)i p A q = \/26^yp^^q^ and = \/{lQ'n'^e). (a;)„ means that there are n diagrams 
contributing to the type-(x) diagram shown in appendix B, not counting permutations of 
external identical particles. Note that simplified structures as above are usually reached 
only upon summing up permutated diagrams. 



c' - sy + Ac's^ + 1 [-2C12C34 + 2(C13,24 - C12C34)] 



= iXg Ae4(ci3,24 - 2C12C34), 



(C)i2 = i^^A,{-Ci2C34[(c^ + s')(l + (c2-s2)2)+8cV + 4cV(c2-s2)2 
+2(S31S24 + S41S23) [(C^ - 5^)2 + 2c2s2] } 

= ig^A^2{c^ + s^)(ci3,24 - 2C12C34), 



(21) 



where we have used the momentum conservation and the antisymmetry of O^i, to obtain, 

'S31'S24 + 'S41'S23 = C13 04 ~ C12C34. 



id)3 
(eh 



iA2A,8(2Ci2C34 - Ci3,24) 



c4 + s4)2^4^4^4^2c2s2(c2-s2)2 



ig*A, {4C12C34 

+4(Si3S24 + S14S23) [(C^ - 5^)2 + 2c2s2] } 
i^^A,4(c^ + s'l)(2Ci2C34-Ci3,24). 



(22) 



The total UV divergence of the vertex is then, 

iy----(pi,P2,P3,P4) = iA, [3^^(c^ + S^)-4/A + 8A2](2ci2C34-Ci3,24). (23) 

The GG00-type vertices involve the most types of diagrams. We illustrate our cal- 
culation by the Ai^{pi)A^{p2)'!r{ps)a{p4} vertex which has no tree level contribution but 
does have a counterterm. 

(24) 



(0)2 = Mg'^Aeg^^2{c^ - s^)c^s^ C12S34, 
{h)2 = -i^^A,^^^-(c2 



S )C S C12S34, 
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where once again the same structure as the counterterm is achieved only upon summing 
over permutated diagrams. The type-(c) diagram turns out to be finite as the highest 
power of the loop momentum k actually disappears, e.g., k°'k^k^Pai3n{k + ps, —k — pi — 
Ps:Pi) — 0{k^) . There are no type-(c?) and -(j) diagrams at all in this case since the photon 
couplings are diagonal in scalar fields. The type-(e) diagram is generally complicated 
because it involves two GGG vertices. But in the current case we only have a Z-\oop to 
compute. 

-ig'^Aegfj_^2{c^ - 8^)0^3^ C12S34, 



(e)i 

(/)2 

{9)2 
(O2 



+i9 ^e9nul^{c -S)C S C12S34, 

-ig^A^gn^4:{c^ - s'^)c^s'^ C12S34, 
+ig'^A,gf,^3{c'^ - s'^)c'^s^ C12S34, 
-ig'^A.g^^eic^ - s^)c^s^ C12S34, 
+ig^A^gf,^6{c^ - s^)c^s^ C12S34. 



(25) 



The overall divergence of the vertex is then. 



iV^/^''{pi,P2,P3,P4) = +ig'^A,gi,^8{c^ - s'^ys^ Ci2Su- 



(26) 



The GGGG vertices are the most difficult part of the computation due mainly to 

the complicated momentum dependent trigonometric structures. Wc choose as a typical 
example the Z^{pi)Z^{p2)Aa{p3)Ap{p4) vertex to show our calculation, which has a rich 
structure. Diagrams of type- (a), (c), (d) and (/) are easy to compute with the results: 
(a)7 = +i/A,cV [(c^ - ^2)2 + 1 



(C)5 = 

{d)io = 
ifh = 



X^[9u.i^9ap + 9noc9l3v + 9nl39ua\ [2C12C34 + 013,24] , 
• 4 A 2 2 \ f 2 2\2 , n 2 2' 

—ig AgC s (c — s ) + 2c s 

X^[g^lugaP + 9,10,9 pu + 9^39va\ [2C12C34 + €13,24] , 
X4[ci2C345(^^5(a/3 + Ci3C24fi'/.a5'/3,. + Ci4C235'/x/3fi'r/aJ , 

+ig'^Ays^2 |2(c^ + s'^)ci2Cug^vga8 



(27) 



[c^ - s^? + 1 



+ 



^2\2 



1 



.)}. 



(Cl3C245'^Q,5'/3 

Diagrams (6), (e) and {g) involve multiple pure gauge vertices and are more complicated. 
For example, diagram (6) contains a product of four triple- vertex -P^i^a^sl^'i'^'s^Pa) ten- 
sors, whose highest power term in loop momentum k provides the UV divergence. Upon 
dropping oscillatory phases involving k and doing symmetric loop integration, we may 
use, 

Pp,^{k, -k, 0)P';^(A;, -k, 0)P\,^{k, -k, 0)P^\{k, -k, 0) 
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Combining coefficients of c and s, the results are 
(6)5 = +i^Xc's2(c^ + s4) 

+ Ci3.24[47(5'^„5(s^ + + '^'^9iiv9ocfi\} , 

X2 {Ci2C34(135'^,^5'„£j + 5'^/3fi'i/a + 9t,a90u) + 9Si2S34(5r^„5r^^ - 9f,p9uc) (28) 
+ Ci3C2,l{13g^a9i3u + 9fj.u9a/3 + 9nl39uct) + 9Si3S24((?Atv5'a/3 " 9fJ./39va) 
+ CuC23{13g^(3g^,a + 9tJ^9pv + S'^i.S'a/?) + 9Si4S23(5'm'^ 5'a/3 - 9na9l3,^)} , 

(g), = +tg'A,c's\c' + s') 

X2 {C12C34(45(^!.5'„0 + fi'^/35';.a + 9lia9/Siy) + ^SuSsiigfiagflu - 9t^l39ua) 
+ 2ci2C3^{5gfj,,yga(5 - gt^ag^u - 9ti09i^a) + QSi2S34{9i^a9Pi' " 9nl39ua) 
+ Crs ^24(7 9 fia9f3u + 79ti/39ua — ^9nu9af3)} ■ 

Using momentum conservation and antisymmetry of 6^^ to deduce the following relations, 

Ir 1 

_ I 

■'^ik'^jl 2^[^ij^kl ~l~ ^ij^kl ^ik,jl\: 

(^ik,jl (^il,jki 

where {i, j, A;, /} is a permutation of {1, 2, 3, 4}, and expressing all trigonometric functions 
in terms of C12C34, S12S34 and 043^24, we obtain the total UV divergence for the vertex, 

X {[Cl3,24 - C42C34] ['29fMu9af3 " 9aix9pu " 9a,^9pn] (29) 
— 3S42S34 [9afj.9l3iy — 9av90ii] } • 

Our explicit one loop result may be summarized by the following set of renormalization 
constants in the MS scheme. 



5Zg-, 


= A,3(?2c2, 


5Zg2 


= Ac3^/2.s^ 






SZc2 


= A,9's', 


5Z^ 


= ^e2g\ 








= -A,2g'^c^, 


5Zg^ 


= -A,2^2^2 


\5Z^ 


= A,/2 [Sg^lc^ + s^) - A + SA^] , 








= -A,/2[3/(l + 2cV) + 252^ + 4A2], 


5v/v 


= ^e9'- 



(30) 



The complete calculation shows that the above set is sufficient to remove all UV diver- 
gences that appear at one loop order. We emphasize this is true in the gauge sector though 
gauge interactions are not symmetric with respect to the two physical gauge bosons. The 
renormalization constants for the diagonalized fields and their mixings are, 

SZa = A,6^Vs2, 5Zz = A,3g\c^ + s^), 

SZ,, = A,2g\^s\ 5Z,^ = A,g\c^ + s^), (31) 

SZaz = A,3g\s{c^ -s^), 6Z,^,^ = A,g\s{^ - s^). 
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And the counterterm for the gauge boson mass and the renormahzation constant for the 
exact U{1) couphng e = gcs defined by (e)B = -^^ Z^e are 

Sm% = mlA,g^[4:-{c^ + s% dZ^ = -A^e^. (32) 
4. Conclusion 

A generalization of the standard electroweak model to NC spacetime would involve 
a product gauge group which is spontaneously broken. A criterion to consider this as a 
viable quantum field theory should include its perturbative renormalizability. We pointed 
out that there are two features in such a model which do not appear in the case of a single 
gauge group. Firstly, the gauge boson mass relation is determined jointly by the group 
structure and the ratio of gauge couplings. This may allow for more space for tuning the 
masses as happens in the standard model. Secondly, the gauge interactions of massless 
gauge bosons are canonical as required by exact gauge symmetry, but those of massive 
ones are generally not. The mixed interactions between the two sets of gauge bosons are 
also asymmetric though related, even if we start with a symmetric arrangement of group 
factors hke U{N) x U{N). It is the purpose of the current work to examine whether 
these features can be consistently maintained at higher orders in perturbation theory 
so that such a model may still be rcnormalizable on NC spacetime. Due to technical 
complications, we have restricted to the simplest case of U{1)yi x U{1)y2 U{1)q as 
a first step in these efforts. Although the first feature mentioned above never appears, 
the second one can be thoroughly explored. We found indeed all UV divergences at one 
loop level can be removed altogether with a few renormahzation constants. Based on this 
result and those already achieved so far, it would be very natural to expect that the same 
conclusion also apphes to the more general case with the U{Ni) x U{N2) gauge group. 
Furthermore, while this result is far away from demonstrating renormalizability to all 
orders, it docs lend support to the viewpoint that it is worthwhile to consider seriously 
building up realistic models of gauge interactions on NC spacetime though this seems to 
be rather difficult. 
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Appendix A Feynman rules 



We list below the complete Feynman rules for the model with the gauge choice of 
^1 = ^2 = ^- All momenta are incoming and shown in the parentheses of the corresponding 
particles. 

Propagators (momentum p) : 



'VWVWW 



^\/\j\j\r\/\f\f\j 



—I 



TT 



p2 _ ^2 



g^u - (1 - 



p - i^z 



ca 



cz 

>- 

G00 vertices: 



Cz 



p2 _ ^r7l| 

i 

i 

p'^ — S,m?z 
A^,(y{pl)a{p2) 
Zf^(r{pi)a{p2) 



A^7T{pi)n{p2) 

2gcs{pi -P2)m si2 
Z^7r{pi)7r{p2) 



Z^,(r{pl)^x{p2) = gipi - P2),, Cu 
where Sij = sm{pi A Pj) and Cij = cos{pi Apj). 
GG(j) vertices: 

Z^{pi)Z^{p2)a = i2gmzg^,u C12 
Z^{pi)A^{p2)7i = i2gcsmzg^,u S12 



GG(f)(f) vertices: 



Z^{pi)Z^{p2)(r{p3)a{p4) 

Z^{pi)Z^{p2)'K{p^)a{pi) 
A^,{pi)A^{p2)a{p'i)a{p4,) 

A^{pi)Z^{p2)a{p'i)a{pi) 

A^{pi)Zy{p2)Tx{pz)a{pi) 



Z^,{Pl)Z^{p2)^l{p^)'K{pi) 
i2g^g^^[{c^ + s^) C12C34 + 2c^s^ 013,24] 
i2g^{c'^ - s^)g^^ C12S34 
Af,{pi)A^{p2)7r{p3)7T{p4) 
iAg'^c^s^g^^[ci2C^A - 013,24] 
A^{Pi)Z^{P2)ti{p^)'k{Pa) 
i2g^cs{c'^ - s^)g^u[ci2C34 - £13,24] 
i2g'^csgf,u[ci2S34 + ^13,24] 



where Sij^ki = sin(pi A pj + Pk A Pi) and Cij^u = cos(pi A pj + Pk A Pi)- 
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GGG vertices: 



A^{p^)Ap{p2)A^{p^) 



-2gCS Si2 Pal3^{Pl,P2,P3) 
-2g{c^ - S^) Si2 Paf3-,{Pl,P2,P3) 
-2gCS Si2 Pa/37(P1,P2,P3) 



where 



Papj{Pl,P2,P3) = {Pl - P2)^gal3 + (P2 - P3)a5'/37 + (P3 " PljpQ^a- 

Some simple properties of it are useful: 

PaP^{PuP2,P3) = -Pa'y/3{PUP3,P2) 

= -Pf3aj{P2:PuP3) = -P'r/3a{P3: P2: Pl) : 

Pa/3j(Pl,P2,P3) + Pja/3{Pl,P2,P3) = Ppaj(pi, P3, P2) ■ 

GGGG vertices : 

^Mi (Pl)^M2 (P2)^M3 (P3)^^4 (P4) 

= -lAg c s Si2S3i + g^3^^,^^,j.i «3iS24 + 5';^2^3,;ui^4 S23S14] 

(Pl)^/.2 (P2)^/.3 (P3)^M4(P4) 

^Mi {Pi)Zt.2 {P2)A^,,, (ps) (P4) 



/L13M1,A'2A14 



S31S24 + 5', 



M2M3,/il/i4 



523-514 



= i252c2s2[c/J^^^_^3^^(ci3,24 - C12C34) - 3c/^^^,,^3^4 S12S34] 

^Ml (Pl)^M2 (P2)^M3 {P^)^HA (P4) 

= i45(^Cs(c^ - S^) [5(^4^1 5(^2^,3 (C43,12 - C41C23) 

+9'M4M29'm3w(<^41,23 — C42C31) + gn^n3gn^fj,2{c42,31 " C43C12)] 



where 



9^ 

5'/il/U2,M3M4 



vertices: 



9^J,lfJ.39fJ.2^J.4 fl'Ml/i4fi'/i2M3' 
~ 2g'y^j^^2 5'/i3M4 5'/il/i3 5'M2M4 5'/Ul/i45'/i2W 

(7cr(pi)cr(p2) = -iGA^u C12 
a-7r(pi)7r(p2) = -i2A'i; C12 



0000 vertices: 



0CC vertices: 



0-(Pi)c^(P2)ct(P3)ct(P4) 
(7(Pl)(7(P2)7r(p3)7r(p4) 

0-Cz(pi)cz(p2) 

7rcz(pi)cz(p2) 
7rcA(pi)cz(p2) 



(jCC vertices: 



Af,CAipi)cA{p2) 

Z^cz{pi)cz{p2) 

Zi^Ca{Pi)cz{P2) 



7r(pi)7r(p2)vr(p3)7r(p4) 

-i2A[ci2C34 + C31C24 + C23C14] 
-i2A[2ci2C34 - Ci3,24] 

= -i^g'^v C21 

= -i^g'^vic^ - s^) S21 
= —i^g^v 2cs S21 

= A,j,Cz{pi)cz{p2) 

= '^gcs p2m S21 

= 2g{c^ - s^)p2^ S21 

= Zf,Cz{pi)cA{p2) 

= 2gcs P2m S21 
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Counterterms for self-energies and mixings are listed below. Note the momentum p is 
the incoming momentum of the gauge boson in the G0 mixing. 



a 



TT ^ vr 



A, 



A, 

'\r\j\r^>j\/\r\j 



iV^bZ^ - iml/2 [Sfx^/fx^ + 35Zx + 65v/i 
ip^SZ^ - iml/2 [-^/iV/^^ + ^^a + 25v/v 
i{PfiPu - p^gf,u){s^5ZG^ + c^5Zg2) 
^iPf^Pu - P^9fiu){c^SZG^ + s^6Zg2) 
+ Wiiu'm'^z 2(c^5^gi + s'^dZg^) + 25v/v + 6Z^ 

i{Pt^Pu - p'^g^,u)cs{SZG, -5Zg^) 
+ igt,vm\cs{5Zg^ - 5Zg^) 



ca 



IT 



CZ 

cz 

Ca 



■x- 

■x--- 

■x- 
■x- 



Ca 

.9.4. 
Cz 



mzp^ {c'^SZg^ + s^5Zg^) + 5v/v + 5Z^ 
mzP^,cs{5Zg^ -6Zg^) 
ip^{s'^6Zci + c^dZc^) 



C2J 



ip\c'6Z,^ + s'6Z, 
- liml [{c^5Z^^ + s^5Z^^) + {c^5Zg^ + s'^5Zg^) + 5v/v 

ip^cs{5Zc^ - 6Zc^) 



ip'^cs{5Zcj — 5Z, 



C2J 



- i^mlcs [{6Zc, - 5Z^^) + {5Zg^ - 6Zg^)] 
The counterterms for pure scalar vertices are obtained as in U{2) theory by attaching 
appropriate factors to the corresponding Feynman rules. 

000 : tree x [6Zx + Sv/v] 
0000 : tree x 6Zx 

The counterterms for vertices involving gauge bosons become complicated due to the 
A — Z mixing and different renormalization of their fields and couplings. There are also 
counterterms to vertices that do not appear at tree level. This is also the case for ghost 
vertices. For the vertices appearing already at tree level we use the same notations of 
momenta and indices below for their counterterms. 
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G(f)(f) vertices: 



Aaa. Atvtv 
Zaa, Znn 
Zna 

GG4> vertices: 

ZZa 
ZAtt 

Z^{pi)A^{p2)a 
GG(f)(j) vertices: 

zz(t(t, zz'k'k 

ZZt^u 
AAaa, AAnn 
AZaa, AZtttt 



tree x [{5Zg^ + 5Zg^)/2 + 5Z^] 
tree x [{c^SZg^ - s^SZg^)/{c^ - s^) + SZ^] 
tree x [{c^SZg^ + s^5Zg,^) + 5Z^] 
gcs{pi -P2)t, ci2{6Zg^ - 5Zg^) 



tree X [2{c^8Zg-^ + s^^Z^J + 8Z^ + Sv/v] 
tree x [{5Zg-^ + 5Zg.^ + 5Z^ + 5v/v] 



i2gcsmzg^u c^i^Zg^ - ^Zg^) 



i2g^g^,{[2{c^5Zg, + s^5Zg,) + (c^ + s^)5Z^]ci2Cu 
+2^s^[5Zg^ + 5Zg, + 5Z^]c^^,2^} 
tree x [2{c^5Zg^ - s^5Zg^)/{^ - s^) + 5Z^] 
tree x [5Zg^ + 5Zg^ + 5Z^] 

i2g^csg^,{[2(d'5Zg, - s^Zg,) + (c^ - s'')5Z^]cuCu 

-(C2 - S^)[SZg^ + SZg, + 5Z^]C13.24} 



AZttct : i2g^csg^^{[2{c^5Zg^ + s^5Zg,^) + 5Z^]ci2S2A 



A^i{Pi)Ay{j)2)-n{pz)(y{pA) 
GGG vertices: 



+[5Zg^ + 6Zg2+ 5Z^]si3^24} 
iAg'^c^s'^g^.y Ci2S^i{5Zg^ - SZg^) 



AAA 

zzz 

ZZA 

Aa{Pl)Ap(P2)Zj{p3) 

GGGG vertices: 



tree x [{s^6Zg, + c^dZg,) + {sHZg, + c^5Zg,)] 

tree x [{c^5Zg, - sHZg^) + {c^5Zg, - sHZg^)]/{^ - s^) 

tree x [{c^SZg, + s''5Zg^) + {^5Zg, + s^^ZgJ] 

-2g(?S^ Sl2 -Pa/37(pl,P2,P3)[((^^ai " ^Zg^) + (5Zg^ - (^ZgJ] 



{sHZg,+cHZg,)] 



AAAA : tree x [2{s'^5Zg^ + c^^Z^^. 
ZZZZ : tree x l/(c^ + s6) 

x[2(c65Z,, + + (c6<5Zg, + s'^SZg,)] 

ZZAA : tree x [2{c^5Zg^ + s^^Z^J + {c^SZq, + s^f^^Ca) 
ZZZA : tree x l/{c^ - s^) 

x[2{d'5Zg, - sHZg,) + (c^^Zg, - s^5Zg,)] 
A^MAM^M^M ■ i^g''(?s^[2{5Zg, - 5Zg,) + {5Zg, - 5Zg,)] 

><[5'/i4An9'M2M3(c43,12 - C41C23) 
+5'//4M25'/i3Mi ('^41,23 ~ C42C31) 
+fl'//4M3fl'MiM2(c42,31 - C43C12)] 



0CC vertices: 



(JCzCz 

T^CzCz 
TICaCz 
(TCa{Pi)cz{P2) 



tree x [(c^^Z^, + s'^SZg^) + (c^^Ze^ + s^^Z^J] 

tree x [{^5Zg, - sHZg,) + {cHZ,, - sHZ^^)]/{c' - s^) 

tree x [{5Zg^ + 5Zg^) + (^Z^, + 5Z,J]/2 

-iig\cs C2i[{5Zg^ - 5Zg^) + (5^^ - ^ZcJ] 
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Gcc vertices: 



AcaCa 
Aczcz 
ZczCz 

ZcaCz, ZczCa 

Au,Ca{Pi)cz{P2): A^Cz{Pi)ca{P2) 

Zu.ca{pi)ca{p2) 



tree x [{s'^SZg^ + c^dZg^) + {s'^5Z^^ + c^dZ^^)] 
tree x [{c^5Zg^ + s^SZg}) + {c^5Z^^ + s'^dZ^^i 
tree x l/(c^ — s^) 

x[{cHZg^ - sHZg^) + {cHZ,^ - sHZ,^)] 
tree x [{c^5Zg^ + s^^Z^J + {c^5Z^^ + s^^ZeJ] 
2^c2s2p2^ S2l[(<^^Si - 5Zg,) + - 5Z,,)] 

'2gcH''p2^ S2i[{5Zg, - 5Zg,) + {5Z,, - 5ZJ] 
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Appendix B One loop diagrams for IPI four-point functions 



We show below topologically different diagrams in which the wavy, dashed and dotted 
lines represent the gauge, scalar and ghost fields respectively. For a concrete vertex all 
possible assignments of fields must be included. Diagrams with an " f " are finite by 
power counting. The diagrams for two- and three-point functions are similar to those in 



U{2) theory which are shown in Ref. [0, with the exclusion of the charged particles, and 
will not be repeated here. 



vertex: 




I I 

I f I 

h H 




, id) 
\ 




/ f \ 
f- — ^ 




(a) 



\ / 
\ / 

X 

/{by 
/ \ 

I I 
I I 





(jxpGG vertex: 



I I 
I f I 





f I 
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GGGG vertex: 
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